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Abstract
We derive a general integral formula on an embedded hypersurface
for general relativistic space-times. Suppose the hypersurface is foliated
by two-dimensional compact “sections” Ss. Then the formula relates the
rate of change of the divergence of outgoing light rays integrated over Ss
under change of section to geometric (convexity and curvature) properties
of Ss and the energy-momentum content of the space-time. We derive
this formula using the Sparling-Nester-Witten identity for spinor fields on
the hypersurface by appropriate choice of the spinor fields. We discuss
several special cases which have been discussed in the literature before,
most notably the Bondi mass loss formula.
1 Introduction
The purpose of this article is to derive and to discuss an integral formula which
can be obtained from the part of the Einstein equations which is “intrinsic”
to a hypersurface. This formula contains several special cases which have been
discussed before in various different contexts. These are an integral form of the
Raychaudhuri equation for null congruences, a special form of the constraints
in spherical symmetry and most notably the Bondi mass loss formula. This
formula is obtained in the context of two-component spinors and the formalism
developed by Szabados [1] on the geometry of embedded two-surfaces. The main
ingredient is the Sparling-Nester-Witten identity.
The paper is organised as follows: In section 2 we discuss the necessary
background, in particular, the properties of the two-dimensional spin connec-
tions known as the Sen connection and the intrinsic spin connection. In section
3 we derive the integral formula and in section 4 we discuss three special cases:
the integrated Raychaudhuri equation, spherical symmetry and null infinity.
Throughout this work we use the conventions of Penrose and Rindler [2].
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2 Geometric preliminaries
Let (M, g) be a Lorentz manifold with spin structure and let Σ be an embedded
hypersurface in M . We assume that Σ is diffeomorphic to S × I where I is an
open interval and S is a compact two-dimensional manifold so that ∂Σ = S×∂I.
Let s be a parameter in I and assume that the maps Ψs : S → Σ provide the
identification of S with its images Ss embedded into Σ. We assume that all
these images are spacelike. Then each of these surfaces is the intersection of
two unique null hypersurfaces N+s , N−s , which exist in a neighbourhood of Ss.
At each point of Ss there exist two unique null directions which are orthogonal
to the surface. The null hypersurfaces are generated by the null geodesics which
start at Ss in these unique null directions. Note, that there is no preferred scaling
available on the generators. These null geodesic congruences are (obviously)
surface forming.
We can use the null hypersurfaces to introduce coordinates in a neighbour-
hood of Σ. Choose on Σ a vector field V with 〈ds, V 〉 = 1 and coordinates
(x3, x4) on Σ in such a way that 〈dx3, V 〉 = 〈dx4, V 〉 = 0, i.e., so that V = ∂s.
Now we label each of the null hypersurfaces N±s by the value of s on its inter-
section with Σ. This defines two functions u and v in a neighbourhood of Σ.
The two families of null hypersurfaces are obtained by u = const and v = const,
respectively, while Σ is defined by the equation u = v. Given a point P near
Σ we can now assign coordinates (u, v, x3, x4) to it in the following way: P lies
on exactly one null hypersurface from each family. These define the values of
u and v. (x3, x4) are the coordinates of the intersection point with Σ of the
generator through P of the null hypersurface u = const. The whole purpose of
this discussion was to show that we may assume that the conormals of the null
hypersurfaces are gradients. This will be of importance later.
At each point P of Ss the tangent space is the direct sum of the subspace
which is tangent to Ss at P and its orthogonal complement. Accordingly, the
four-dimensional volume-element eabcd can be split into two parts
eabcd = 6 p[abmcd], (2.1)
where pab and mab are two-forms. mab is the induced area-element on Ss
so it annihilates vectors orthogonal to Ss and satisfies mabm
ab = 2. Simi-
larly, pab vanishes when contracted with vectors tangent to the surface and
satisfies pabp
ab = −2. Moreover, we have mabpac = 0 and the fact that
mab = − 12eabcdpcd and pab = 12eabcdmcd, so mab and pab are dual to each
other.
In terms of spinors we have pab =
1
2 (γABǫA′B′ + γA′B′ǫAB) with a symmet-
ric spinor γAB which satisfies γABγ
AC = −ǫBC . From the duality we obtain
mab = i/2 (γABǫA′B′ − γA′B′ǫAB). The “surface spinor” γAB characterises the
properties of the surface in its four-dimensional surroundings in a way similar
to the normal vector of a hypersurface. In fact, the flag-pole of any eigenspinor
of γAB (with eigenvalue ±1) points into one of the null directions defined by Ss.
We want to define two spin connections on the two-surface Ss. First, there
is the spin connection induced from the four-dimensional spin connection, the
so called two-dimensional Sen connection ∇ [1]. Its action on spinor fields is
obtained from the four-dimensional spin connection simply by restriction to the
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surface:
Xa∇aλB = Xa∇aλB for all λB and all Xa tangent to Ss. (2.2)
It contains extrinsic information like the extrinsic curvatures and the torsion
of the normal bundle to Ss in M . The other spin connection is as intrinsi-
cally defined as possible by the requirements that it agree with the Levi-Civita
connection on Ss when acting on vectors which are tangent to Ss and that it an-
nihilate the surface spinor γAB. These conditions do not completely determine a
unique spin connection. Two connections which satisfy the above requirements
differ by a term proportional to γAB, i.e.,
∂aλB − ∂′aλB = CaγBCλC . (2.3)
The one-form Ca cannot be fixed by intrinsic properties. However, we can define
a spin connection which satisfies these requirements from the two-dimensional
Sen connection. First we define the spinor valued one-formQaB
C = 12γA
C∇aγBA
and then the connection ∂ by
∂aλB = ∇aλB +QaBCλC . (2.4)
The spin connection thus defined annihilates γAB and agrees with the intrinsic
Levi-Civita connection when acting on tangent vectors of Ss. However, it still
contains some extrinsic piece which shows up in its curvature
∂a∂bλC − ∂b∂aλC = −SabCEλE = (∂aCa + i
4
R)mabγCEλE . (2.5)
Here the function R is the scalar curvature of Ss and Ca is a local representation
of a SO(1, 1) connection in the normal bundle of Ss. This ambiguity does not
affect the ensuing discussion, so we will not try to fix Ca any further.
For later use we introduce a spin-frame (oA, ιA) adapted to the surface Ss
by writing γA
B = oAι
B + ιAo
B . Thus, oA and ιA are eigenspinors of γA
B with
eigenvalues−1 and +1, respectively. Let la, na,ma andma be the corresponding
null tetrad. Then ma and ma are tangent to Ss while l
a and na point along
the generators of the null hypersurfaces N±s . The spin-frame is defined away
from the surface by taking the spinors to be parallel along their respective flag-
poles, i.e., we impose the propagation equations DoA = 0 and D′ιA = 0. This
definition yields a spin-frame in a neighbourhood of Σ which is fixed up to the
scalings
oA 7→ coA, ιA 7→ 1
c
ιA, (2.6)
where c is any function on Σ. This is the natural setup for the GHP-formalism
[2, 3] which will be used to some extent in the following discussion. With
eabcd = −24il[anbmcmd] the induced area-elements are mab = −2im[amb] and
pab = 2l[anb].
In this spin-frame the spinor-valued one-form QaB
C can be determined
from the four-dimensional spin connection, with ρ and σ being the usual spin-
coefficients
QaB
C = − (maρ+maσ) ιBιC + (maσ′ +maρ′) oBoC . (2.7)
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The action of the intrinsic connection on the spin-frame can be found from the
fact that it annihilates the surface spinor γA
B . For any eigenspinor λB of γA
B
we have
γA
BλB = ±λA ⇒ γAB∂λB = ±∂λA ⇒ ∂λA = ΓλA (2.8)
for some one-form Γ. Therefore, we obtain
∂oA = ΓoA,
∂ιA = −ΓιA. (2.9)
The one-form Γ can be expanded in terms of the complex basis (ma,ma) with
the coefficients given by the usual spin-coefficients: Γa = −maα −maβ. This
one-form represents both the extrinsic SO(1, 1) connection and the intrinsic
SO(2) connection which are combined in Γ as (twice) its real and imaginary
parts respectively.
For any spinor field λA = λ1oA − λ0ιA we have the formula
∂aλA = − (mað′λ1 +maðλ1) oA + (mað′λ0 +maðλ0) ιA, (2.10)
and similar expressions for spinor fields with other valences.
We end this section with the Sparling-Nester-Witten identity. Given two
spinor fields λA and µA′ , we can define a two-form by L = −iµA′dλAθAA′ . The
d here is the covariant exterior derivative of the four-dimensional spin connection
acting on spinor valued differential forms, the θAA
′
are essentially the van-der-
Waerden symbols and the product between differential forms is understood to
be the Grassmann product. Computing the exterior derivative of L we find
dL = dL = −idµA′dλAθAA′ − iµA′d2λAθAA′ = S + E. (2.11)
The three-form E contains only curvature terms and, remarkably, only in the
form of the Einstein tensor. In fact, one can show that (e.g., [2]) E = − 12V aGabΣb
with V a = λAµA
′
and Σa =
1
6eabcdθ
bθcθd. Using the Einstein equations in the
form Gab = −8πGTab the identity becomes
dL = −idµA′dλAθAA′ + 4πGV aTabΣb. (2.12)
This identity is the basis for the spinorial proofs of positivity of mass in General
Relativity which are obtained by choosing the spinor fields appropriately.
3 The integral formula
Consider the integral defined by
I(s) =
∮
Ss
L. (3.1)
We are interested in the change of I with the parameter s. To compute it we
choose a vector field Za on Σ so that Za∇as = 1. Such vector fields exist
because ∂
∂s
is such a vector field but we could just as well choose any other field
3 THE INTEGRAL FORMULA 5
which differs from it by terms tangent to the foliation. Now recall that for any
two-form ω we have
d
ds
∮
ω =
∮
LZω =
∮
iZdω. (3.2)
Here we have used the formula that the Lie derivative of a differential form is
LZω = diZω+ iZdω and the fact that the two-surfaces are closed. This formula
also shows that we can assume without loss of generality that the vector field Za
is orthogonal to the foliation: components of Za tangent to the two-surfaces Ss
would correspond to applying an infinitesimal diffeomorphism to the integrand
which does not change the value of the integral because there are no boundaries.
Now the identity (2.11) implies
d
ds
∮
L =
∮
iZdL =
∮
iZS +
∮
iZE. (3.3)
The last term in this formula is easily evaluated. Note that iZθ
a = Za and
iZΣa =
1
2eabcdZ
bθcθd which, after restriction to the two-surface, becomes
3p[abmcd]Z
bθcθd = pabZ
bd2A. (3.4)
Thus,
∮
iZE = 4πG
∮ (
Ta
bV apbcZ
c
)
d2A. (3.5)
The evaluation of the first term in (3.3) is more complicated. We have
iZS = iZ
(
−idµA′ dλA θAA′
)
= −iZe∇eµA′dλAθAA′ + iZe∇eλAdµA′θAA′ − idµA′ dλA ZAA′ (3.6)
After restriction to the surface the d becomes the exterior covariant differential
with respect to the two-dimensional Sen connection and we can express it in
terms of the intrinsic spin connection using the relation dλ = ∂λA − QACλC
where we denote the exterior covariant differential with respect to the intrinsic
spin connection by ∂ and where QA
B = θaQaA
B. Then the last term in (3.6)
becomes
dµA′ dλA Z
AA
′
=
(
∂µA′ −QA′C
′
µC′
)(
∂λA −QACλC
)
ZAA
′
= ∂µA′∂λAZ
AA
′ − ∂µA′QACλCZAA′
+ ∂λAQA′
C
′
µC′Z
AA
′ −QACλCQA′C
′
µC′Z
AA
′
. (3.7)
The first term above can be rewritten as follows
∂µA′∂λAZ
AA
′
=
1
2
d
(
µA′∂λAZ
AA
′ − λA∂µA′ZAA′
)
+
1
2
{
λA∂
2µA′Z
AA
′ − µA′∂2λAZAA′ − λA∂µA′∂ZAA′ + µA′∂λA∂ZAA′
}
.
(3.8)
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On the right hand side of this equation, the total derivative term can be dropped
because it does not contribute to the integral. Hence we get after collecting
similar terms
iZS = −i
{
−Ze∇eµA′QAEλEθAA′ + Ze∇eλAQA′E
′
µE′θ
AA
′
}
− i
{
QA′
E
′
QA
EµE′λEZ
AA
′
+
1
2
λA∂
2µA′Z
AA
′ − 1
2
µA′∂
2λAZ
AA
′
}
− i
{
1
2
µA′∂λA∂Z
AA
′ −QA′E
′
µE′∂λAZ
AA
′
+ Ze∇eµA′∂λAθAA′
}
− i
{
−1
2
λA∂µA′∂Z
AA
′
+QA
EλE∂µA′Z
AA
′ − Ze∇eλA∂µA′θAA′
}
. (3.9)
This is the general form of this term. Further simplifications can only be ob-
tained by specialising the spinor fields µA′ and λA. Usually this is done by im-
posing the Witten equation on the spinor fields. Here, we will proceed somewhat
differently. The discussion is simplified by the following trivial observations:
• ∂ leaves the eigenspaces of γAB invariant,
• ∂ leaves the splitting of the tangent space at points of Ss into vertical and
horizontal parts invariant,
• QAB interchanges the eigenspaces of γAB,
• V a = λAµA′ is horizontal/vertical iff λA and µA′ are in different/same
eigenspace(s).
Let us now assume that the spinor fields are both in the eigenspace of γA
B
spanned by oA, hence λA = λoA and µA′ = µ¯oA′ . In this case, the flag-
poles of both λA and µA′ point along the generators of the same outgoing null
hypersurface N+. From the properties of the intrinsic derivative we find
QA′
E
′
µE′∂λAZ
AA
′
= 0 = QA
EλE∂µA′Z
AA
′
. (3.10)
We further assume that Za is orthogonal to the surfaces Ss so that we can write
it as Za = Zla + Z ′na. Using (2.10) and similar expansions for µA′ and Z
AA
′
we obtain
iZS = λρ
(
ιA
′
Ze∇eµA′
)
d2A+ µ¯ρ
(
ιAZe∇eλA
)
d2A
+
1
8
Z ′µ¯λR d2A+ Zµ¯λ (σσ¯ − ρ2) d2A
+
1
2
(µ¯ð′λðZ ′ − µ¯ðλð′Z ′ − λð′µ¯ðZ ′ + λðµ¯ð′Z ′ − 2τ¯ µ¯ðλZ ′ − 2τλð′µ¯Z ′) d2A.
(3.11)
In this formula the last term can be simplified considerably by appropriate
choice of the scalings of the spinor fields. First, we note that we can choose them
completely freely on each surface Ss. Furthermore, we can exploit the fact that
the vector field Za is hypersurface orthogonal. This leads to the equations
ðZ + τ¯ ′Z = 0, ðZ ′ + τZ ′ = 0. (3.12)
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Inserting these into the last term in (3.11) yields the expression
−1
2
Z ′µ¯λ
{
τ
(
ð′λ
λ
+
ð′µ¯
µ¯
)
+ τ¯
(
ðλ
λ
+
ðµ¯
µ¯
)}
d2A (3.13)
for that term. As pointed out in the previous section, we can assume without
loss of generality that the conormal of N− is a gradient. If λA is scaled so that
its flag-pole coincides on Σ with that gradient then the following equations must
hold there:
ð
(
λλ
)
= τλλ, (3.14)
þ
(
λλ
)
= 0. (3.15)
Obviously, these are conditions only for the extent λλ of the flag-pole of the
spinor field. The first equation above tells us how to fix it on Ss while the second
equation specifies how to propagate it along the generators of N−. Note, that
if we choose µA′ = λA′ on Σ then (3.13) simplifies further by means of (3.14)
to yield the final expression
−Z ′λλ (τ τ¯ ) d2A. (3.16)
Henceforth, we will assume that the spinor fields have been chosen in that way
on Σ. Therefore, (3.14) holds on Σ. We will not impose (3.15) because it is not
needed. Note further, that there is some freedom left in choosing λ. First of all,
it can be multiplied by any phase function on Σ and, what is more important,
it is defined only up to the multiplication with any function f(s) on Σ which is
constant on the surfaces Ss.
Let us now consider the first two terms in (3.11). These can expanded to
yield the expression
ρ
(
Ze∇e
(
λλ
)
+ Zλλ(ǫ+ ǫ¯) + Z ′λλ(γ + γ¯)
)
d2A, (3.17)
where we have introduced the spin-coefficients ǫ and γ. However, from the
definition of the spin-frame these coefficients are seen to vanish because on Σ
we have DoA = 0 and D′ιA = 0.
This concludes the evaluation of the right hand side of (3.3) in the case
where both spinor fields are chosen to be tangent to the same null hypersurface.
In this case, we obtain for the left hand side of (3.3)
−i d
ds
∮
µA′dλAθ
AA
′
=
d
ds
∮
λλρ d2A. (3.18)
So we can finally put everything together to obtain the integral formula
d
ds
∮
φρ d2A =
∮
ρφ˙ d2A+ Z ′φ
∮ (R
8
− τ τ¯
)
d2A
+
∮
Zφ
(
σσ¯ − ρ2) d2A+ 4πG
∮
φ
(
laTa
bpbcZ
c
)
d2A, (3.19)
where φ is a positive (−1,−1)-function on Σ which satisfies the equation ðφ = τφ
on each two-surface Ss and φ˙ = Z
e∇eφ. Note, that this equation always has
solutions because it corresponds to the geometric statement that one can always
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choose the tangents of the outgoing null geodesics on Ss to coincide with the
gradients of the null hypersurface which is generated by them. These tangent
vectors are given by φla. We have pulled out the factor Z ′φ from the integral
because, as a consequence of (3.12) and (3.14), we have Z ′φ = const. on the
surfaces Ss. This equality corresponds to the fact that the function which
defines the null hypersurface foliation can be chosen to agree with s on Σ (cf.
the discussion at the beginning of section 2). Note, that we have not yet specified
the scaling of the spin-frame. Under special circumstances this can be chosen
to further simplify the formula. Furthermore, the term involving the scalar
curvature integrates to a constant by the Gauß-Bonnet theorem.
The quantity on the left hand side is the integrated divergence of that null
geodesic congruence emanating from Ss for which the tangent vectors coincide
with the gradient of the null hypersurface that is formed by the congruence. On
the right hand side we find terms which have to do with the geometry of the
two-surfaces, namely the scalar curvature R and the determinant ρ2−σσ¯ of the
extrinsic curvature with respect to the corresponding null normal. Note, that
this expression occurs in the Gauß maps defined in [4] and has to do with the
convexity of the two-surfaces. The τ -terms and the term involving the derivative
of φ have no immediate geometric meaning. However, it is worth to point out
that on a spacelike hypersurface Σ under the assumption of the dominant energy
condition the τ -term combines with the energy-momentum term with the same
sign. So it might be possible to view that term as some kind of gravitational
contribution to the total energy. The term involving the derivative of φ is present
because it guarantees the invariance under reparametrisation of the foliation.
In the case where the spinor fields are aligned along the other null hypersur-
face N+ (so that λA = µ¯A = µ¯ιA) we use the analogous assumptions to arrive
at the formula
d
ds
∮
φ′ρ′ d2A =
∮
ρ′φ˙′ d2A+ Zφ′
∮ (R
8
− τ ′τ¯ ′
)
d2A
+
∮
Z ′φ′
(
σ′σ¯′ − ρ′2
)
d2A− 4πG
∮
φ′
(
naTa
bpbcZ
c
)
d2A, (3.20)
where now φ′ is a (1, 1)-function satisfying ð′φ′ = τ ′φ′ on each two-surface Ss.
4 Special cases
4.1 On a null hypersurface
First, we look at the case where Σ is itself a null hypersurface. Let la be
the normal to Σ scaled so that it is a gradient. Then la is tangent to the
null geodesics generating Σ and we choose an affine parameter s along each
generator. Fix a two-dimensional surface S orthogonal to each generator and
define a foliation of Σ by the surfaces Ss of constant affine parameter s with
S = S0. Thus we can take φ = 1 and Z
a = la, i.e., Z ′ = 0 and Z = 1. Then
(3.19) results in the formula
d
ds
∮
ρ d2A =
∮ (
σσ¯ − ρ2) d2A+ 4πG
∮
Tabl
alb d2A. (4.1)
4 SPECIAL CASES 9
This formula is one of the optical equations [5] integrated over Ss. It is the
equation which governs the focusing of a bundle of light rays. This can be seen
by noting that the left hand side can be rewritten as
d
ds
∮
ρ d2A =
∮ (
Dρ− 2ρ2) d2A. (4.2)
by an argument similar to equation (3.2). Thus we obtain
∮
Dρd2A =
∮ (
ρ2 + σσ¯
)
d2A+ 4πG
∮
Tabl
alb d2A. (4.3)
The formula (3.20) can be specialised in this case to yield
d
ds
∮
ρ′ d2A =
∮ (
1
8
R− τ ′τ¯ ′
)
d2A− 4πG
∮
Tabn
albd2A. (4.4)
Here, we have used the fact that φ′ is constant on the two-surfaces because
Z = 1.
4.2 Spherical symmetry
The next special case occurs in space-times with spherical symmetry. We take
Σ as a spacelike hypersurface which is foliated by the spheres Ss of symmetry.
Due to the symmetry all quantities with a non-vanishing spin-weight are zero
and, in addition, all integrands are constant on Ss so that the integrals yield
the integrand times the area A(s) = 4πR(s)2 of the surface. Then (3.19) gives
d
ds
(
φρR2
)
=
(
ρφ˙+
1
8
RφZ ′
)
R2−Zφ(ρR)2 +4πGφ (laTabpbcZc)R2. (4.5)
Since we are free to multiply φ by any function of s, we may take φ = 1/R.
Next, we take the parameter s to be the proper length along a radial geodesic
so that Za is a unit vector field. Furthermore, we choose the spin-frame so that
Z ′ = −Z = 1/√2, thus breaking the scaling invariance (2.6). Then we also have
pbcZ
c = Zlb−Z ′nb = −Z ′(lb+nb) = −tb where tb is the future pointing timelike
unit normal vector to Σ. Finally, inserting the scalar curvature R = 4/R2 of
the surface we obtain
d
ds
(ρR) =
1√
2R
(
1
2
+ (ρR)(ρ′R)
)
− 4πGRTablatb. (4.6)
Here, we have used the formula Ze∇eR = (ρ − ρ′)R/
√
2, a consequence of
the formula for the rate of change in the area element along a vector field [2].
Let us now define the quantities ω+ = 2
√
2ρR and ω− = −2
√
2ρ′R then we
can establish complete agreement with [6] where an alternative form of the
constraint equations for spherically symmetric space-times has been derived.
These equations are
dω+
ds
=
1
4R
(4− ω+ω−)− 8πGRTab(
√
2la)tb, (4.7)
dω−
ds
=
1
4R
(4− ω+ω−)− 8πGRTab(
√
2na)tb. (4.8)
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These two equations have several important consequences. First, assuming that
Σ is topologically R3, asymptotically flat and regularity at R = 0 of Σ and the
dominant energy condition one can deduce global bounds for the quantities ω±.
These in turn imply statements about the occurrence of trapped surfaces and
singularities in the domain of dependence of Σ.
Furthermore, one can easily prove the Penrose inequality in this case [7].
Suppose that Σ contains an apparent horizon and is asymptotically flat. Con-
sider the Hawking mass for a sphere Ss which is given in the present context
by
mH(s) =
R
8G
(4− ω+ω−) . (4.9)
Its derivative along Za is
dmH
ds
= πR2Tabl
b (laω− + n
aω+) . (4.10)
At the outermost apparent horizon with area A0 = 4πR
2
0 the mass is mH =
R0/(2G) while at spatial infinity we have mH = mADM . In the region in
between both ω± are positive. From (4.10) we find that
dmH
dR
= 4πR2Tabl
bHa ≥ 0. (4.11)
The positivity follows from the fact that under the conditions stated above
Ha =
ω−
ω+ + ω−
la +
ω+
ω+ + ω−
na (4.12)
is a future pointing timelike vector so that the sign is a consequence of the
dominant energy condition. From this we obtain the inequality R0 ≤ 2GmADM
or
A0 ≤ 16πG2m2ADM . (4.13)
4.3 At null infinity
Our last specialisation occurs in asymptotically flat space-times which admit a
regular null infinity J when Σ coincides with J . To treat this case we proceed
as follows. We introduce Bondi coordinates (u, r, ζ, ζ¯) and the usual Bondi
null tetrad in a neighbourhood of J . We evaluate the integral formula on the
hypersurfaces Σr of constant r and then take the limit r →∞. The evaluation
of the formulae has to be done only to leading order in 1/r. The asymptotic
solution of the vacuum equations is taken from [8].
Each hypersurface Σr is foliated by its intersections Su with the null hyper-
surfaces u = const so we take s = u. Since the Bondi tetrad is not yet adapted
to these surfaces we need to perform a null rotation around la to put na orthog-
onal to Su. Then the covariant form of the tangent vectors to the outgoing null
hypersurfaces is
l = du, n = dr − (U − ωω)du. (4.14)
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The spin coefficients need to be changed accordingly. In particular, we get to
leading order
ρ = −r−1 +O(r−3), (4.15)
ρ′ =
1
2
r−1 +
(
Ψ02 + σ
0 ˙¯σ
0
+ ð2σ¯0
)
r−2 +O(r−3), (4.16)
σ = σ0r−2 +O(r−3), (4.17)
σ′ = − ˙¯σ0r−1 +O(r−2), (4.18)
τ ′ = −ð′σ0r−2 +O(r−3). (4.19)
Here, ð is defined with respect to the unit sphere. Note, that ρ′ is real due
to the null rotation and by virtue of an equation on J which follows from the
asymptotic solution of the vacuum field equations.
The vector field Za is given by Za = na − (U − ωω)la and the function
φ′ on Σr can be taken to have the form φ
′ = φ0(u) + φ1(u)r
−1 + O(r−2),
where ð′φ1 = (ð
′σ0)φ0. Finally, the scalar curvature of the two-surfaces Su is
R = 4r−2 +O(r−3). Inserting these expansions into (3.20) gives
d
du
∮ {
1
2
(rφ0 + φ1) +
(
Ψ02 + σ
0 ˙¯σ
0
+ ð2σ¯0
)
φ0
}
d2Ω =
∮
1
2
(
rφ˙0 + φ˙1
)
+
(
Ψ02 + σ
0 ˙¯σ
0
+ ð2σ¯0
)
φ˙0 d
2Ω
+
∮
1
4
φ0 d
2Ω+
∮
φ0
(
˙¯σ
0
σ˙0 − 1
4
)
d2Ω +O(r−1). (4.20)
Here d2Ω is the surface element of the unit sphere. This equation can be sim-
plified. Note, that the O(r)-terms cancel and that the ð2σ¯0 term vanishes upon
integration over Su so that in the limit r → ∞ we obtain the Bondi mass loss
formula
d
du
mB =
d
du
{
− 1
4πG
∮
Ψ02 + σ
0 ˙¯σ
0
d2Ω
}
= − 1
4πG
∮
˙¯σ
0
σ˙0 d2Ω. (4.21)
The other integral formula (3.20) contains no information when Σ coincides with
J .
It is worthwhile to point out that in the limit when Σ coincides with J it is a
null hypersurface and that the integral formula is then exactly the one discussed
as the first special case, namely the integrated focusing equation. This seems to
suggest that the gravitational energy flux and focusing power are really closely
related. This has been discussed before [9] and there have also been attempts
to prove positivity of mass from the focusing properties of light rays [10].
5 Discussion
We have derived an integral formula valid on an arbitrary hypersurface Σ in a
space-time which satisfies Einstein’s equation. It is obtained in a straightforward
way from the Sparling-Nester-Witten identity by a particular choice of the spinor
fields. In contrast to the usual procedure of fixing the spinor fields by having
them obey a differential equation here they are chosen in a geometric way. It is
REFERENCES 12
not clear whether this fixing is optimal. It might well be that there is a different
choice which eliminates the somewhat arbitrary and uncontrollable functions φ
and φ′. Furthermore, in the final form there is no essentially spinorial feature
left in the integral formula. It might be worthwhile to see whether one can
derive the formula without using spinors.
Of course, there are many questions left. We have seen that the integral
formula reduces to the special form of the constraint equations derived by [6]
in the case of spherical symmetry with spacelike Σ. They can derive bounds
for the optical scalars ω± when Σ is a regular embedded hypersurface which
allows them to obtain statements about the occurrence of trapped surfaces and
singularities in the domain of dependence of Σ. Is it possible to get bounds
on the integral expressions or some variant of those, too? Can one prove the
Penrose inequality using these integral formulae in a way similar to the one
given above?
We have not looked at the other possibilities to choose the spinor fields. The
cases where the two spinor fields are aligned along different null hypersurfaces
do not seem to lead to any similarly nice integral formula.
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